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ABSTRACT 

A pedagogical discussion is given of 
some of the mathematical tools needed 
for the investigation of complex mani- 
folds with Ricci flat Kahler metrics. 

Recent investigations of possible background 
configurations for superstrings have shown that the 
spacetime geometry is highly constrained. 1 if one 
looks for a configuration of the form M 4 x K where 
M is four dimensional Minkowski space and K is a 
compact Riemannian six manifold, then the only known 
way of satisfying these constraints is for K to be 
what is called a Calabi-Yau space. This means: 

Definition: A Calabi-Yau space is a compact, three 

dimensional complex manifold with a Ricci flat Kahler 
metric. 

The mathematical machinery needed for the study 
of Calabi-Yau spaces include complex manifold theory 
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and algebraic geometry. Since these fields are not yet 
familiar to many physicists, 1 will try to give an In- 
troduction to the basic concepts involved. 2 I will not 
go into the details of why these spaces are of interest 
for superstr ings . The mathematics that will be used has 
obvious generalizations to higher dimensions. However to 
Keep the discussion as concrete as possible, I will 
restrict myself to six real (or three complex) dimensional 
manifolds. All manifolds will be assumed to be compact and 


; only one connected component. 


In order to minimize the confusion which might arise 
from introducing many new definitions, let me begin by 
mentioning the relation which exists between the concepts 
we are going to discuss. 


Consider the set A of all six dimensional real mani- 
folds. Contained within A lies the subset B of manifolds 
which admit a complex structure and hence can be viewed 
as complex three dimensional manifolds. There is a subset 
CeB consisting of those complex manifolds which admit 
Kahler metrics, and finally a subset D-C of manifolds 
admitting Ricci-flat Kahler metrics. All of these subsets 
are proper, in the sense that there are manifolds in A but 
not B, in B but not C, etc. The sets A, B, and C all 
contain an infinite number of manifolds. However D is 
believed to be just a finite set. Although the number of 
manifolds in 0 is not yet Known, a reasonable guess^ seems 
to be about 10,000. (Of course the number of phenomenolog- 
ces is considerably 


some general properties of 
lize to complex, Kahler, 


spaces . 
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Let M be a real six dimensional manifold. We are 
interested in studying the cohomology of M. This is 
conveniently described in terms of differential forms. 
(This is Known as de Rham cohomology.) Let x»* be local 
coordinates on M and let & be a p form: 


derivative operator i 


So d maps a p form into a p+1 form. Since partial dori' 
tives commute, d 2 = 0. We now introduce the following 


Definition ; A p form u) is closed if dw = 0. A p for* 
e x ac t if u) = da for some globally defined p-1 form < 


Notice that every exact form and every six form on M is 
automatically closed. 

One can show that on IR n every closed form is exact. 
Hence, locally on M, one can express any closed form u) 
as w'= da. But this is not in general true globally. The 
obstruction to doing so is the p th cohomology grou P * H p (M) : 

Definition ; H P (M) * lall closed p forms where two forms u) 
and a)' are considered equivalent if ut-uJ 1 is exact} 


*This is cohomology over the field of real numbers. We 
will soon consider cohomology over the complex numbers. 

" - -- notion of cohomology 


/ 
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nno often writes this as a quotient: 


Pnr each p , ir (M) is a real vector space. The dimension 
tif this space is called the Betti numbe r b^. II is 

just the space of constant functions, so b^ = 1. (This 
wmild no longer be true if we considered disconnected 
manifolds.) The Euler number x of M is defined to be the 


X(M) = L (-D ^ 
p=0 P 


Given a Riemannian metric g on M, one obtains an 
Hv 

inner product on the space of p forms: 

wl,>- « 4 ' 

whore the indices of w are raised with the metric. Using 
Ibis inner product, one can define the adjoint (M of d 
which maps p forms to p-1 forms, d 1 is just the covariant 
divergence of the form. The J.aplacian is defined to be 

= dd* + d*d and solutions to ^u) = 0 are called h armonic .. 
S ince 


«olA d u» = \\*U 2 + M* • (5) 

one has immediately that a form is harmonic if and only if 
it is both curl free and divergence free. 

A fundamental theorem in this subject is the following 


Hodge Theorem (Real Version) 

Every p form to has a unique decomposition: 

|r '> 

where o is harmonic, p is a p-1 form and y i s a pH form. 



Notice that the three terms in the above decomposition are 
orthogonal with respect to the inner product (4) e.g. 
(d0|d f y> = (d 0 |y) =0. If to is closed then the last term 
must vanish (since dd f y = o implies <d t y|d t y > = 0). Thus 
the Hodge theorem implies that there is a unique harmonic 
representative for each equivalence class in H P (M) . In 
other words, given any curl free p form to, one can add to 
it the curl of some p-1 form so that the sum is divergence 
free. Notice that if you change the metric then the 
harmonic forms will change. However the total number of 
linearly independent harmonic p forms will not change and 
will always equal b . 

P 

If the manifold M with metric g is orientable, then 
there exists a covariantly constant volume form i.e. a 6 
form v (1 . ..„ normalized so that v vM* * * v m 6| 0ne can 
use this form to define the dual W of'a p form 
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be a subgroup of SO (6) . 

We now pause to consider a few examples. Since the 
Betti numbers are independent of the metric, one can 
compute them by picking a simple metric and counting the 
number of harmonic forms with respect to this metric. 

1) sf. Consider the standard metric of constant 
curvature. It is not hard to show that with respect 
to this metric the only harmonic forms are the con- 
stant functions and multiples of the volume form. 

Thus b Q «= b 6 * 1 . b i = 0 1 s i s 5. and the Euler 

number is X = 2. For the connection defined by this 
metric, the holonomy group iB S0(6) , since there are 
no subspaces of the tangent space left invariant under 
parallel transport. 

2) S 3 xS 3 Consider the standard metric on each S 3 . In 
addition to b Q - b & » 1, one now has b^ = 2 since the 
volume form on each S 3 is harmonic. The remaining 
Betti numbers vanish and X = 0. The holonomy group 
is SO ( 3) x SO( 3) . 

2 2 2 

3) S x S x S This is similar to example 2. Consider 
the standard metric on each S 2 . One now has b Q - b & - 1 , 
b 2* b 4 = 3 ' b 1 mb 3 = b 5 “0. Hence X ** 8. The holonomy 
group is SO(2) xS0(2) xS0(2). 

4) Tf The six torus is not as trivial as one might 
think. With respect to a flat metric, all the constant 
forms are harmonic. Hence b Q = b fi = 1, ^ = b 5 = 6, 

b 2 “ b 4 * 15 » b 3 = 20. This implies X = 0. The 
holonomy group of a flat connection is of course just 
the identity element. 

These four examples were not picked completely at 
random. As we will see, they are simple examples of the 
four classes of manifolds mentioned earliert S 6 cannot 
be viewed as a complex three manifold, S 3 x S 3 is a complex 


; 2 * S 2 


manifold but does not admit any Kahler metric. S xS xS^ 
admits Kahler metrics but not one which is Ricci flat. T 
admits a Ricci flat Kahler metric. 

B . C omplex Manifolds 

A complex structure on a real manifold M is a tensor 
field satisfying Jl» J*» « ~^ g and a certain integra- 

bility condition. This integrability condition is precis- 
what is needed so that one can introduce local complex 
coordinates z 1 on M so that the transition functions ^ 
between different coordinate patches are holomorphic. A 
comp lex manifold is simply a real manifold with a complex 


clearly be even dimensional. It must also be orientable 
since the form dz 1 ‘di 1 -dz 2 *d£ 2 -dz 3 *di does not change 
sign under holomorphic change of coordinates and hence 
defines an orientation on M. But not every even dimen- 
sional orientable manifold admits a complex structure. 

In general it is a difficult mathematical problem to 
determine whether a given real manifold is also a complex 
manifold. The fact that S 6 does not admit^a complex 
structure was realized relatively recently. 4 it is now 
known that the only sphere S n which admits a complex 
structure is the two sphere S 2 which is the complex 
projective plane CP 1 . One can show that the product of 
two odd dimensional spheres S P x S q always admits a complex 
structure. So S 3 xS 3 , B 2 x S 2 x S 2 and T 6 are all complex 


*Givon a six dimensional real analytic manifold, one cun 
always let the coordinates become independent complex 
variables and obtain a six complex dimensional manifold. 
This is not what is being considered here. Here one obt.ii 
a three complex dimensional manifold. 
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Two complex manifolds M and N are sai d to be 
e quivalent If there exists a one-to-one, onto map cp: M - N 
mich tha t when expressed in loc a l c^I^x coordinates, q, 
m m cp are holomorphlc . It is important to keep In min d 
that a given real manifold may giv e rise to Ine quivalent 
compl ex manifolds . In o ther words, it may admit mo re than 
one complex structure . In fact, one can often continuously 
deform the complex structure. A simple example is given by 
I lie torus. Consider the complex plane C and pick a com- 
plex number z = x+iy with y > 0 . Now take the quotient 
or c by the lattice generated by ej = (1,0), e 2 = (x,y). 

I lie result is a complex one dimensional manifold T^ . For 
nny z. the underlying real manifold is di f feomorphic to 
I lie two torus. However it is easy to show that T is 
equivalent to T £ , only if z 1 * (az+b) /(cz+d) with* 
n.b.c.d integers and ad-bc » 1. More generally, on a 
two sphere with n handles (n > 1) there is a 3n-3 
(complex) dimensional space of complex structures. 

We now want to repeat our discussion of forms and coho- 
mology for complex manifolds. Consider a three dimensional 
complex manifold M with local coordinates (z l ,z 2 ,z 3 ). The tan 
gent space to M is a six dimensional complex vector space. 
(This is the complexif ication of the six dimensional real 
tangent space of the underlying real manifold.) The co- 
tangent space is spanned by dz 3 , dz 3 j,J = 1,2,3. We 
define a (p.q) form to be a form which is p-fold linear 
in the dz 3, s and q-fold linear in the dz 3 's: 

W = W j . . . k ] . . . k • • *dz k *d£ 3 *. . . *d£* (fl) 

where ^ ^ has p unbarred and q barred indices. 

There are two analogs of the operator d for complex 
manifolds. The first maps (p,q) forms into (p+1 ,q) forms 
and is defined by! 
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::: ^ — « *. 

; a “j...k3...k - 

a<o 

• 12 do) 

Clearly, on any three dimensional complex manifold , 
annihilates (3.p, forms and 5 annihilate TZ To'Js for 

7 p - 2 si ™ «... » "... 

9 - S = 0. + da = o. It is easy to verify that 

d = 2 ( a + a) 

di) 

- “ ° f tyP * lp ' 01 *• to b. holomorphin it 

ll'JioJ" 0th " “° rd “; “ ‘* nol ‘>"<’t P hto ir to. co.ffici.ot 

,roups - *« • 

toUi!iiion= TO. (Dolbeault) >roup . 

H P ' q (M) ^ i closed ( P . d ) fnr n, g 
a a exact (p,q) forms 

One can show that on c" these cohomology groups are trivial 
they aga ln measure global properties of the complex 
manifold. For each (p.q) n (p,q) i~ 

'P.qj. n_ ls a complex vector space. 

Given a Hermitian metric g - on M one obtains an inner 
product on c ,„ i etl „ e [h . of ^ 

operators a and a . a f takes the covariant divergence on 

b.rr.7 ; anU * “”*'■*« «»or,.„c. on 

.• * C °’- °"* C ”° Introduce two cor. I..pl.ci„. 
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A * + and = dd*+3*a . The powerful Hodge theorem 

d o 

extends to the case of complex forms: 

Hodge Theorem (Complex Version) 

Every (p,q) form to has a unique orthogonal decomposition 

u = a + ip + l 1 y 

. where a~ a =0, 0 is a (p,q-l) form, and y is a (p.q+1) form. 

In particular, if ^ = 0 then the last term vanishes and we 
again have a unique representative a for each cohomology 
class HP' q (M) . 

i 

C. Kahler Metrics 

For a general complex manifold with Hermitian metric 
there is no relation between the three Laplacians ^ . 

and . However there exist a special class of metrics 
for which all Laplacians agree. These are called Kahler 
metrics. To define these metrics, let g^ be a Hermitian 
metric and consider the real (1,1) form: 



De f inition : A Kahler metric is a Hermitian metric with 

dJ = 0. 

If g ^ is Kahler, then the closed form J is called the 
Kahler form. 

To develop some intuition for what this definition 
means, it is convenient to reexpress it in terms of real 

coordinates on M. Given a complex structure J ^ , a 

v 
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defined by g . Thus, Kahler metrics are the "nicest" 

class of metrics on a complex manifold in that the Rieman- 
nian structure is compatible with the complex structure. 

A simple class of examples of Kahler metrics is 
furnished by one dimensional complex manifolds. Since dJ 
is a three form, it follows immediately that every 
Hermitian metric on a one dimensional complex manifold is 
Kahler. Of course in higher dimensions this is no longer 
the case. For any Hermitian metric on a three dimensional 
complex manifold the volume form V is related to the (1.1) 
form J Eq. (U) by: 

V = jj- J*J*J tl3) 

For a Kahler metric J is closed and hence defines an element 
of li^ (M) . This cohomology class must be non-trivial, for 
if J = da . then f JMM = 0 by Stokes* theorem. Similarly, 

J M 4 

J*J defines a non-trivial cohomology class in H (M) . Thus 

we learn that in order for a manifold to admit a Kahler 
metric, the even Uetti numbers must satisfy b 2p a 1. This 
shows immediately that S 3 x S 3 (which has b 2 = 0) does not 
admit any Kahler metric. 

As mentioned earlier, one of the most important 
properties of Kahler metrics is the following: 

Theorem : On a manifold with a KMhler metric 


This means that a form which is curl free and divergence 
free with respect to barred indices is also curl free and 
divergence free with respect to unbarred indices. In 
particular, consider a holomorphic p form ie) = Since w 

has no barred indices, = 0 and hence = 0. By the 

above Lhuoiem, = 0. Therefore we have the somewhat 



surprising result that holomorphic forms are automatically 
harmonic with respect to any Kahler metric. Conversely. 
\ t u) = 0 implies = 0, so every harmonic (p,0) form is 


The (complex) dimension of H p,q (M) is called the 
l lodgc number h p,q . There is a convenient way of sum- 
marizing the cohomology of a manifold which admits a 
Kahler metric in terms of the Hodge diamond; 


i . 3 - 1 h 2 - 2 

h 3 - 0 h 2 - 1 „‘- 2 h ». 2 

h 2 ’ 0 h 1 ' 1 h °' 2 


This diagram has the following properties: 

(1) The sum of the Hodge numbers along the n' 1 * row is t 
n Betti number: 

b n = £ hP ' q (15) 

p+q=n 

Notice that this is true even though b is the real 
dimension of H P (M) and h p,q is the complex dlmonsioi 
of ll p,q (M). (See property 2.) 


In some recent physics papers these numbers have been 
denoted b . Here we adopt the more standard mathematical 
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Since a = A _ we kno s. h ,. 4 ' P torms * 

if - • * P a o 18 harmonic if and only 

if w is. Hence h p,q = h q,p i e fh „ w y 

■ n 1 • e • the diagram is sym- 
metric about the verticle line ^ 

(3) The volume form is a (3 3 ) c . 

harmonic form is also harmonic. h p ' q °f, * 

that th ' aia9 "" u sym ”” tric — ‘ 

^ “ na <2 ’ 9iV ° «polo,ic,l restriction 

(in addition to b > ,t .. ^ restriction 

b 2p l) on the existence of a Kahler metric, 
6 2 ” 3 ““ ' V ' n - — P-tie, , hou th>t on 

of the Hodge numbers ere independent, w. win ... i„ ... 
n ” t " eCti °" “« «» tequi rement of . Ricci f Ut K ~ h l. 
metric redoes this number even further. 

D) Ricci Flat Kahler HPi r.A. 

The curvature tensor of a Kahler metric takes a simple 

.Xis ““i 

r kt a d their complex conjugates r J -_ where 
= jm 

9 9 km. t (16) 

‘ten.lr°are ly of the curvature 

R 3 r 3 - 

k<m r kl,m (17) 

end those related by symmetry and complex conjugation 
Because of this. th. Rieman,, tenser has .xtrl s£ t „. 


It follow, from (16) and (17) that the Ricci 
Kahler metric can always be written locally a 


(or of 
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't~ low cu " lu ‘" i 

V° u start with anu is called the first Chern «n.— 
fr (More generally, c, can b. defined for any complex 
ector bundle. Here v. ere con.id.rrn, the tangent bundle 
of . complex manifold., it ia obviou, tbat if ’ „ „ " . 

the Ricci form i- xx„,„w _ 1 1,e - 


CaiabHa. h C °" VerSe 5* fr ° m ° bvi ° US - ‘—er. 

O e Hi c ; T UniqUeneSS — !■- P-ed existenc, 

Calabi V me * rlC WhenCVer C 1 = °* «*• «*— 

talabi-yau spaces. , „ ore precisely. they 

Xjjarem: Given a_ .^Pl^n^folc I with c. - 0 and any 

er metric with KShler form j (Eq. 7l2) ]. th<7 
gli_ exis . ts a ^ccl flat KShler metric g . - TTose 

...„ e r 0ri " 18 in the same coho mo log y c~Ta s s as J j . 


ot think of the Ricci flat 


A uteful property of manifold, with c, . o is the 
following: c, - 0 if e nd only if there extern a 

^en tehing holom orghic_three_fo£m 1 IFO r a .impIT^f, 

■e. Ref. |7].l Thi. three form i. i„ fact couari.ntly 


A complex manifold with C j = o ; 


Calabi-Vdi 
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constant with respect to a Ricci flat metric. S ince 
S 2 xS 2 xS 2 has b t = 0, it has no harmonic three forms and 
lie ncu no ho 1 umor phic three forms. It then follows that 
it cannot admit a Kicci flat Kahler metric. 

If c^ = 0, the Hodge numbers acquire an extra symmetiy. 
By taking the dual of a harmonic (p,0) form using the 
covariantly constant three form, one obtains a harmonic 
(0,3-p) form. (Recall that lowering an index with a 
llermitian metric changes its type.) Hence: 

(4) If Cj = 0, then h^'^ = h®' 2 ^ 


Notice that if one tries to extend this to other harmonic 
forms, then one finds that the "dual" of a (p,q) form with 
q / 0 is symmetric in some of its indices and hence does 
not even define a form. 

Property (4) reduces the six independent Hodge numbers 
to just four which we can take to be h°'°, h 1,0 , h 1 ' 1 , h 2 ' 1 
However h°'° ia just the dimension of the space of constant 
functions and hence h°'° = 1. h*'® usually is also trivial 

for the following reason. On any Riemannian manifold, one 
can express the Laplacian on p forms in terms of the cov’ai 
iant derivative v and curvature of the me tric~ TThiiTTs 
called the Weitzenbock identity): 



For a onu form, the curvature term involves only the Kicci 
tensor. This shows that on a Ricci flat manifold, every 
harmonic one form must be covariantly constant and hence 
non-vanishing. On the other hand, a manifold with \ / u 
does ndt admit any no whe re vanis hing one forms . There - 
fore X / 0 Implies b, «= 0 which implies h 1,u = 0 . One can 
also show that X / 0 implies ir ^ (M) is finite. So there 
exists a compact simply connected covering space. 
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We have arrived at the following simple result: The 

cohomology of a Calabi-Yau space with \ ^ 0 is character- 
1 zed by two integers h 1,1 and h Z,1 T In particular, the 
Euler number is X ■ 2 (h 3 ' 3 -h 2 ' *) . It turns out that h 2 '* 
gives the (complex) dimension of the space of complex 
structures that can be placed on M. In terms of the com- 
pact! f ication of the Buperstring discussed in |l], h 2 '*' 
and h 1 ' 1 give the number of families and anti-families of 
massless fermions. 

— Finally, we consider the holonomy group of a Hermitian 
metric on a complex manifold. If the metric is not Kah ler , 
then the holonomy group will in general be SO(6) . This is 
because the complex structure is not preserved under 
parallel transport. If the metric is Kahler, then the 
complex structure is preserved and the holonomy group is 
contained in U(3). If the metric is Kahler and Ricci flat, 
then the holonomy group is even further restricted. This 
can fce seen as follows. The Lie algebra of the holonomy 
group is given by parallel transport around infinitesimal 
loops. The change in a vector is then given by the 
curvature tensor. For a Kahler metric, the change is 
R-’ k ^-v^v m which are generators of U ( 3 ) . If we take the 
trace of these generators and use (18) we obtain: 



In general, the liodge numbers depend on the complex 
structure. However for compact manifolds admitting 
Kahler metrics, these numbers do not change under 
continuous deformations of the complex structure. 

This must be considered at each point of the manifold. 
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We conclude with a few more examples: 

1) CP 3 The complex projective spaces admit Kahler 

metrics, and have the smallest possible Hodge numbers 
consistent with this fact: h**'^ = 6 • Since 

3 0 P ,C J 

h =0, there is no holomorphic three form and hence 

Cj / 0. This shows that CP 3 does not admit a Ricci- 
flat Kahler metric. 

2) Consider the submanifold Y 4 of CP 4 defined by 



where z^ are homogeneous coordinates. Let y^ = z^/z^ 
for i = l,**-,4. Then the holomorphic three form 
d yi *dy 2 *dy 3 /y 4 4 (24) 

is easily shown to be non-singular and non-vanishing 
everywhere on Y 4 ^ . Hence Y 4 5 has c^ = 0 and admits 
a Ricci flat Kahler metric. One can show that 
h 2,1 = 101 and h 1 ' 1 « 1, «o X* -200. Since h 1 ' 1 * 1. 
there is a one dimensional space of cohomology classes 
of the Kahler form J. In terms of the unique Ricci- 
flat metric guaranteed by Calabi and Yau's theorem, 
this corresponds to an overall constant rescaling of 
the metric. Since h 2 ' 1 = 101, there is a 101 (complex) 
dimensional space of complex structures on this mani- 
fold. This yields a 203 (real) dimensional space of 
Ricci flat metrics. It is unfortunate that not one of 
them is known explicitly. 

h 1 ' 1 = 1 means that there is a one complex dimensional 
! space of harmonic (1,1) forms. However, since the Kahler 
form is real, one has only a one real dimensional space 
of possible cohomology classes for J. 



V 


. [ 

663 

5) E. Calabi, in Algebraic Geometry and Topology : ^ 

Sympoalum in Honor of S. LefBchetz (Princeton 
University Press, 1957). 

{) S.-T. Yau, Proc. Natl. Acad. Sci. TA (1977) 1798. 

7) A. Strominger and E. Witten, Comm. Math. Phys. 
to appear. 




